Highly engineered materials are arousing great interest because of their ability to manipulate heat, as described by coordinate transformation approach. Based on the recently developed analog gravity models, this paper presents how a simple device based on nematic liquid crystal can achieve in principle either thermal concentration or expulsion. These outcomings are shown to stem from topological properties of a disclination-like structure, induced in the nematic by anchoring conditions.
Highly engineered materials are arousing great interest because of their ability to manipulate heat, as described by coordinate transformation approach. Based on the recently developed analog gravity models, this paper presents how a simple device based on nematic liquid crystal can achieve in principle either thermal concentration or expulsion. These outcomings are shown to stem from topological properties of a disclination-like structure, induced in the nematic by anchoring conditions. [6, 7] , thermal memories [8, 9] ). These prospects come from the possibility to design energy paths in a similar fashion to light in transformation optics [10] : the use of nanostructured devices is indeed expected to allow concentrating, shielding and inverting of conductive heat flux [11] [12] [13] . Recent works brought experimental evidences of their efficiency [11] . However, besides the technical issues in building such composite materials, they also suffer from a lack of flexibility: for example, once the device has been made, it can shield a region from heat flux, but that function cannot be switch off (which is of prime interest for thermal logic gates or heat flux modulators).
A promising way to overcome this difficulty relies in the use of nematic liquid crystals (NLC) devices instead of multilayered devices. NLC are generally organic compounds formed by an assembly of rod-like molecules. These latter often consist in a rigid core made of two benzene rings (responsible for crystal-like properties) associated with flexible exterior chains (responsible for fluidity). In other words, molecules in the nematic phase show no positional order (as in ordinary liquids), but orientational order (anisotropy of dielectric permittivities, elastic constants [14] ..). Thus, NLC are invariant under the symmetry group D ∞ = SO(2) × Z 2 , that consists in * Electronic address: sebastien.fumeron@univ-lorraine.fr rotations about the molecular axis (called the director) and rotations through 180
• about axes in the orthogonal plane. Generally, the alignment of the director exhibits discontinuities: among them, disclinations (also called wedge dislocations) are elastic defects belonging to the first homotopy group π 1 and they appear as a consequence of SO(2) symmetry-breaking. An intuitive way to understand it is to perform a "cut and glue" Volterra process [15] : the disclination is generated by removing a wedge of material of dihedral angle φ 0 and gluing the loose faces together (see Fig. 1 for the two-dimensional case). This generates a positive curvature disclination. The inverse procedure, inserting a wedge of material, produces a negative curvature disclination (not shown). Topological defects are the core of fruitful analogies between condensed matter physics and cosmology [16, 17] . They are elegantly described in terms of Riemann-Cartan geometry [18] [19] [20] and therefore they can be studied by using techniques borrowed from General Relativity (U 4 theory of gravitation [? ] ): this is the core of so-called analog gravity. Compared to ordinary elasticity theory (OET), this approach has two major assets : first, its accuracy (OET only reproduces the first-order approximation of the geometric theory of defects [22] ) and second its versatility (changing the kind of defect only requires to change the metric, instead of a complicated set of boundary conditions in OET). In this framework, a disclination in NLC acts analogously to a gravitational line source and the medium surrounding is described by the metric of a global cosmic string [23? ]:
which describes a conical geometry. For both cosmic strings and disclinations in elastic solids, the parameter α is related to the sector removed/added by φ 0 = 2π(1−α), where α < 1 represents a removal of matter, while α > 1 represents an addition of matter. In cartesian coordinates, the covariant components of the metric (1) are thus given by:
In the diffuse regime, heat conduction in the nematic phase is modified by the presence of topological defects. For a given metric g ij , heat equations governing conductive flux and temperature fields are given by [26] :
with
where g = det g ij and λ is the thermal conductivity of the isotropic liquid phase. Generally speaking, it appears that a non-trivial metric modifies the thermal conductivity. Moreover, it can also introduce an effective internal heat source (p > 0) or sink (p < 0) that is directly coupled to the temperature fields. In the case of (2), heat conduction locally occurs as in a monoclinic crystal [26] and as g = α 2 = const, the disclination does not introduce any internal source term. Similarly to matter in cosmic strings wakes [27] , heat flux lines stay in planes z = const. but feel the curvature of the background conical geometry generated by the disclination (see Fig. 2 ). As the Riemann tensor is null everywhere, except at the defect core where it has a δ-function singularity given by [28] 
the distortion of flux lines when approaching the defect core also testifies that disclinations are responsible for an elastic analog of Aharonov-Bohm effect (as already noticed in [29, 30] ). Now that the specific features of heat conduction near a disclination have been reviewed, we are investigating the possibility to implement them for thermal design. qualitative understanding of it can be obtained from a parametric study of the following configuration: a hollow cylinder, inside which there is the core region where one aims at controlling the conductive heat flux, is inserted inside a conducting solid sandwiched between two heated vertical plates (see figure 3) . In normalized units, cold temperature is set to T c = 0, whereas hot temperature is set to T h = 1. The host material consists in an homogenous isotropic medium with unit thermal conductivity, whereas the thick cylinder consists in a NLC for which the spatial configuration of the directorn is that of a disclination. We can think of a nematic director field configuration like the one in Fig. 2a without the singularity on its axis, by isolating the axis with a cylindrical wall. In order to have the same radial orientation of the director field, both inner and outer boundaries can be prepared to provide homeotropic anchoring to the nematic molecules. As there is no disclination core, such configuration is topologically stable. That is, no escape in the third dimension can occur. The stability of the mesophase is more problematic. Indeed, liquid crystals made from a single kind of organic molecules are thermotropic and in practice, they exhibit a nematic phase in a very narrow range of temperatures (typically a few tens of degrees). But for thermal management, NLC with low melting and high clearing temperatures are required. This can be achieved by using eutectic liquid crystals mixtures (or "guest-host systems"): by adjusting the proportions of each compound (Schroeder-Van Laar law), the nematic range can be larger than 100 K [31, 32] .
The thermal conductivity of the isotropic fluid phase is taken equal to that of the host medium, to avoid additional thermal effects (such as Kapitza resistance). We will consider three cases: 1) the reference case consisting in a NLC without disclination (α = 1); 2) a strength +1 disclination with the director aligned radially, for which α = C 33 /C 11 = 2 (Fig. 2a) ; 3) again a strength +1 disclination but now with the director circling the defect axis, for which α = C 11 /C 33 = 0.5 (Fig. 2b) . In each case, the defect axis coincides with the axis of are the regular solutions of steady-state heat conduction equations inside isotropic solids: heat flux lines follow the direction of the temperature gradient isothermal lines (xaxis), whereas isothermal lines correspond to the planes y = const in agreement with boundary conditions. Now, let us examine on Figure 5 the case worresponding to α = 2. Compared to previous case, isothermal lines bend in order to enter the core of the device. Besides, heat flux lines are also converging inside the inner region, such that the norm of heat flux vectors is globally increasing in this area. Therefore, the device is responsible for focusing conductive heat inside the core, which can be thought of as a heat concentration phenomenon. Now, we consider on Figure 6 the case α = 0.5 for which the device behaves as a heat repeller. Indeed, isothermal lines are diverted from the inner region. Moreover, in a similar fashion to light paths in optical cloaking [10] , heat flux lines are expelled from the core and the norm of heat flux vectors is vanishing in this area. However, we do not expect the possibility of perfect heat repulsion (null heat flux in the core), as that would imply a thermal singularity related to the heat flux line headed directly towards the centre of the device (heat does not know in which direction to deviate from the inner region). It must be emphasized that these two behaviours (repelling and concentrating) cannot be understood in terms of geodesics of the effective metric (2), as it is usually the case in analog gravity models. In general relativity, geodesics are the paths followed by free-falling particles in a curved spacetime. They are the solutions of EulerLagrange equations, obtained by varying the EinsteinHilbert action, and they are a generalization of Newton's second law ma = F in the case where F = 0 (uniform motion). Therefore, considering the presence of a temperature gradient is equivalent to add a thermal constraint to Euler-Lagrange equations. Another way of understanding it is to take a mechanical standpoint. Heat conduction can be thought of as a phonon gas, and as such, it obeys fluid mechanics. In this frame, the temperature gradient acts as a driving force for the heat flow (see [? ] for temperature gradient as an effective pressure in phonon hydrodynamics), so that the heat flux cannot be considered as free-falling.
As previously mentioned, the main asset of our device over systems based on composite materials relies in its versatility. As a matter of fact, the concentrator is achieved for a NLC such that C 33 > C 11 (α > 1), with director normal to the boundaries (n =r). Conversely, the cloak configuration may be achieved for the same NLC, but with the director parallel to the boundaries (n =φ) such that α > 1. Therefore, rotating the rod-like molecules by 90 degrees enables to switch at will from the concentrator to the cloak. This can be achieved by electric-field-driven bistable anchoring (see figure 7 ). Anchoring yields a constant orientation of the thermotropic NLC molecules due to particular surface conditions. In the presence of a surfactant-treated surface (for example silane), rods align normally to the surface and anchoring is said homeotropic. On the contrary, in the presence of a polymer coating such as PVA (polyvinyl alcohol), anchoring is planar and calamitic molecules align parallel to the surface. One technical issue to develop this device is to anchor NLC molecules on curved substrates. Usual photopolymer-based techniques require a well-defined angle of incidence for light, which make them ill-adapted for non-planar surfaces. Gupta et al. [? ] performed NLC anchoring on curved surfaces by using selfassembled monolayers (SAM) formed from alkanethiols. Two additional assets for SAM-based anchoring are that 1) they are stable upon application of the electric field, and 2) polymerizable SAM are expected to be chemically stable over years (no oxidative degradation). Above the Frederiks transition, application of an electric field leads to unstable new states of orientation (depending on the sign of its dielectric anisotropy) [14] : as soon as the field is removed, molecules relax back to the original orientation fixed by anchoring conditions. However, for dye-doped NLC, sufficiently high values of the field were shown to induce stable anchoring transitions between homeotropic and planar states: back switching does not occur even when the field is off [33] . In principle, such effect can be used to switch between the concentrator and the repeller by applying during a short time an electrical potential difference between both sides of the hollow cylinder. As the electrodes are turned on only during the time required for the anchoring transition to occur, electric-field induced instabilities do not appear when the device is working.
Both configurations (concentrator and repeller) have been considered with horizontal temperature gradients, so that no Rayleigh-Bérnard convection can occur. However, as the thermal gradient is not parallel to the gravity field g, weak thermoconvective instabilities can develop in the annulus domain. These instabilities vanish provided that the device is thin enough. Although an accurate justification requires solving the equations of nematohydrodynamics, this effect can be understood qualitatively from the usual viscous dissipation power [? ] . For an annulus region of thickness d, with internal radius r i and outer radius r e , consider a thermoconvective instability with mean velocity U . Therefore, the dissipated power can roughly be expressed as a scaling law according to :
where η is the mean shear viscosity of the nematic and D is the strain rate tensor. Therefore, inner viscous dissipation is maximized in a disc-like device (low thickness d and small core regions r i ) and it is also expected to be enhanced by dissipation at boundaries (anchoring conditions).
In this work, we examined the possibility of thermal management from a liquid crystal-based device. It relies on reproducing inside a hollow cylinder the topology of a disclination, which can imprint curvature to conductive flux lines. Numerical results confirm the possibility of heat guiding phenomena: in particular, we showed that the device can be tuned to either concentrate or expulse heat flux. The switching frequency is limited by relaxation times governing the anchoring transition (several milliseconds for dye-doped nematics [33] ). In principle, it can be designed to work in a relatively large range of temperatures. Concentrator or repeller configurations are both mechanically stable and thermal instabilites can be neglected by adequate choice of geometry (disc-like). However, it is mandatory for practical developments of such device to quantitatively study these aspects through optimal choice of materials. This will be considered in our next works.
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